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Problem 1: Formulate the following problem in weak form and prove that there exists a unique
weak solution.

—Au(z) + (3 + 2sin(z))u(x) = f(z) for z € Q  R? open,
u(z) = g(x) for z € 9N
with f € L2(Q),g € L?(0Q) N TH!(Q), where T : H'(Q2) — L%(09) is the trace operator.

Problem 2: Show that for u € C?() N C*(Q) and 2 C R? open and bounded the following two
statements are equivalent:
—V - (A(z)Vu(z)) + b(z)u(z) = f(x) for x € Q
v(z) - (A(z)Vu(z)) = 0 for z € 92

and
a(u,p) = 1(¢) for all ¢ € C*(Q),
where a(u, ) = [ Vo(x) - (A(x)Vu(z)) + b(z)u(x)p(x)dr and I(¢) = [, f(x)p(x)da.

Problem 3: For Q C R% open and bounded derive the weak formulation of

—V - (A(z)Vu(x)) + b(z)u(z) = f(x) for x € Q

u(x) = g(x) for x € T'p
v(z) - (A(z)Vu(z)) =0 for z € I'y,
where T'p Uy =0Q,I'p NIy = 0.

Hint: The solution space should be the closure of H(Q) N {u € C*°(Q) : ulr, = 0} with respect
to the H'-norm.



