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Problem 7: Let A ∈ L(X,Y ) in Hilbert spaces X,
Y and denote by P : X → N (A) and Q : Y → A(X)
the orthogonal projections on these spaces.

• Show that we can define a linear operator A+ :
D → X by A+y = x̂ = (I − P )x, where x is a
solution of Ax = Qy and D = A(X)⊕ (A(X))⊥.

• Explain the mapping A+ by sketching the situ-
ation in the case X = Y = R2.

• Proof that A+ : D → X is the Moore-Penrose
inverse of A, i.e. the uniquely determined oper-
ator with the four properties A+A = (A+A)∗,
AA+ = (AA+)∗, AA+A = A and A+AA+ =
A+.

• With the assumption, A to be compact, show
that

D =

{
y ∈ Y :

∞∑
n=1

|〈y, yn〉|2

µ2
n

<∞

}
and

A+y =

∞∑
n=1

〈y, yn〉
µn

xn ,

where (µn, xn, yn) denotes the singular system
of A.

Problem 8: Compute the singular system of the
operator A : L2(0, 1)→ L2(0, 1) with

Ax(t) =

∫ t

0

(t− s)x(s) ds , t ∈ [0, 1] .

Problem 9: We define

X1 =
{
x ∈ C([0, 1]) : x(t) = α+

∫ t

0

ψ(s) ds

with α ∈ C, ψ ∈ L2(0, 1) and x(1) = 0
}

and

X2 =
{
x ∈ C1([0, 1]) : x′(t) = α+

∫ t

0

ψ(s) ds

with α ∈ C, ψ ∈ L2(0, 1) and x(1) = 0, x′(0) = 0
}
.

• Show that X1, X2 are Hilbert spaces with the
inner product

〈x1, x2〉1 =

∫ 1

0

ψ1(s)ψ2(s) ds

and

〈x1, x2〉2 =

∫ 1

0

ψ1(s)ψ2(s) ds ,

respectively .

• Proof the estimates ‖x‖L2 ≤ ‖x‖j for j = 1, 2.

• Show the identities X1 = A∗(L2(0, 1)) and
X2 = A∗A(L2(0, 1)) for the integral operator
A : L2(0, 1)→ L2(0, 1) with

Ax(t) =

∫ t

0

x(s) ds .


