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Exercise 4

1. Show that any function h € LP(R?), for any p € [1,00], defines a tempered distribution
T, € S'(RY) as

Th(f) = /Rd hfdx, YfeSmRY).

2. Let h € S(RY). Let A € R™? an invertible matrix, and f,g € S(RY). Show that the
following equalities hold true
(a) The translation (74,7%)(f) = Th(T—2 f),
(b) The modulation (e?*€0T},)(f) = Tp, (e’ f),

(c) The rescaling (T} o A)(f) = | det(4)| Ty (f 0 A1),

(d) The multiplication by x; : (x;13)(f) = Th(z; f),

e) The multiplication by g : (¢73)(f) = Th(f9)
)
)
)
)

(

(f) The derivative 0y, : (02, Th)(f) = —Th(0x, f),

(g) The convolution with f : (T}, * f)(x) = Th(

(h) The Fourier transform F : F(T})(f) = Th(F(f)),
) = Tw(F- () = TW(FR(S)).

f(x —"-)) (is a smooth function),
(i) The inverse Fourier transform F~1(T})(f

Exercise 5
Show that the Fourier transform is an automorphism on S’(R%) with
Fl'F=1d=FF"', F'=FoR=RoF, F’=R, onS(RY,
and the following rules are valid on S'(R%):
1. F(75e(T)) = e @08 F(T), F(e0T) =75, F(T), Vmg,& € RY,
2. F(ToA)=|det A|7'\F(T) o AT, e.g. F(T(N\)) =A"4F(T))(A™1), YA >0,
3. F(T f) = m)3F(T)F(f), F(Tf) = @m) 2 F(T)« F(f). Vf € SR,
4. F((20,)°T) = €“F(T), F(2°T) = (i0¢)*F(T), Vmultiindex a.

Exercise 6

Let 2 € R. Show that F(e~1#l) = \/%ngz-



