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Exercise 4

1. Show that any function h ∈ Lp(Rd), for any p ∈ [1,∞], defines a tempered distribution
Th ∈ S ′(Rd) as

Th(f) =

ˆ
Rd
hf dx , ∀f ∈ S(Rd).

2. Let h ∈ S(Rd). Let A ∈ Rd×d an invertible matrix, and f, g ∈ S(Rd). Show that the
following equalities hold true

(a) The translation (τx0Th)(f) = Th(τ−x0f),

(b) The modulation (eix·ξ0Th)(f) = Th(eix·ξ0f),

(c) The rescaling (Th ◦A)(f) = |det(A)|−1Th(f ◦A−1),
(d) The multiplication by xj : (xjTh)(f) = Th(xjf),

(e) The multiplication by g : (gTh)(f) = Th(fg),

(f) The derivative ∂xj : (∂xjTh)(f) = −Th(∂xjf),

(g) The convolution with f : (Th ∗ f)(x) = Th(f(x− ·)) (is a smooth function),

(h) The Fourier transform F : F(Th)(f) = Th(F(f)),

(i) The inverse Fourier transform F−1(Th)(f) = Th(F−1(f)) = Th(FR(f)).

Exercise 5

Show that the Fourier transform is an automorphism on S ′(Rd) with

F−1F = Id = FF−1, F−1 = F ◦R = R ◦ F , F2 = R, on S ′(Rd),

and the following rules are valid on S ′(Rd):

1. F(τx0(T )) = e−ix0·ξF(T ), F(eix·ξ0T ) = τξ0F(T ), ∀x0, ξ0 ∈ Rd,

2. F(T ◦A) = |detA|−1F(T ) ◦A−T , e.g. F(T (λ·)) = λ−d(F(T ))(λ−1·), ∀λ > 0,

3. F(T ∗ f) = (2π)
d
2F(T )F(f), F(Tf) = (2π)−

d
2F(T ) ∗ F(f), ∀f ∈ S(Rd),

4. F((1i ∂x)αT ) = ξαF(T ), F(xαT ) = (i∂ξ)
αF(T ), ∀multiindex α.

Exercise 6

Let x ∈ R. Show that F(e−|x|) =
√

2
π

1
1+ξ2

.
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