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Recall from the lecture notes:

e Nonlinear Schrédinger equation

{ i0u+ Au = klulP~lu, K= =+1, (NLS)
U= = up(x).
e Virial potential
V= [ [olufda. )
Rd
e Morawetz action
=1 (W0y,u)de =1 wdpu)dr, r=|x|. 2
mZ/xju u) dz deT(u u)dx, r=|z| (2)
Exercise 1
Let u(t,r) € S(R x RY) be a solution of (NLS). Show that
1d
TV () = Wu(n), 3
and 1d i d
-2 2 L% p+1
sV = [ [Vude+n(g - —55) [ urta. (1)
Hint: Making use of the Pohozaev’s Identity
d
Re/ Atu(z - Vu)de = (5 — 1)/ |Vul|?dz, Yu e S(RY),
Rd 2 Rd (5)

d
or equivalently, Re/ Au(2u +z-Vu)d / \Vu|? dz,
R4

where |Vul? = 39 ((0y, Rew)? + (9, Imw)?).

Exercise 2

Let p € (1,2* — 1) be energy subcritical exponent. Let ug € ¥ and let u € C([-T,T); H'),
T < oo be the solution of (NLS). Recall the operator P = z + 2itV. Show that

i) we C([-T,T;%) N LY([-T,T); WP, Pu € LI([-T,T); L) for any admissible exponent
pair (g, p).



ii) the mass and energy conservation laws as well as the virial and Morawetz identities hold
for u on the existence time interval [-T,T]: For any ¢t € [-T,T],

M (u(t)) = M (uo), E(u(t)) = E(uo),

iV(U( t) — *V (uo) W (t))dt',

1 1
LW () = 2 (uo) / / |Vu|2dxdt+n d__d_ / / P dadr,
2 2 Rd Rd

Exercise 3
Let d = 1,2, 1 + % < p < oo and ug € HY(R?). Let u(t,z) be the solution of the Cauchy
problem (NLS) satisfying limyr« [|Vu(t)| 2ra) = +00, then
1
IVt) | 2y > ColT* — )77, Ve e [0,T7).

Hint: Recall the H' local well-posedness results for d = 1,2. For any time tg < T* with
[u(to)ll 1 (rey < oo, the solution u with [lul] peo (g 107701 (Re)) < B = Cllu(to)|| g1 (ray exists at
least on the time interval [tg,to + 1], T > 0 with

a(1—p)

T = O fulto) | 4

where g > p.

Exercise 4

Let 1+ % <p<2*—1and k =1. Let up € ¥ and u € C(R; X) be the global-in-time solution
of (NLS) given in Theorem 2.12 from the lecture notes. Apply the operator P = x + 2itV to
the Duhamel formula

u(t,z) = o—z/ S(t — s)|ulP~u(s, ) ds, (Duhamel)

and show
(@ + 2@tV )ul| La((0,00);L0+1 (Re)) < +00

where (¢, p + 1) is an admissible exponent pair.



