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Recall from the lecture notes:

• Nonlinear Schrödinger equation{
i∂tu+ ∆u = κ|u|p−1u, κ = ±1,

u|t=0 = u0(x).
(NLS)

• Virial potential

V (u) =

ˆ
Rd

|x|2|u|2 dx, (1)

• Morawetz action

W (u) = Im

d∑
j=1

ˆ
Rd

xj(ū∂xju) dx ≡ Im

ˆ
Rd

r(ū∂ru) dx, r = |x|. (2)

Exercise 1

Let u(t, x) ∈ S(R× Rd) be a solution of (NLS). Show that

1

4

d

dt
V (u(t)) = W (u(t)), (3)

and
1

2

d

dt
W (u(t)) =

ˆ
Rd

|∇u|2 dx+ κ
(d

2
− d

p+ 1

) ˆ
Rd

|u|p+1 dx. (4)

Hint: Making use of the Pohozaev’s Identity

Re

ˆ
Rd

∆ū
(
x · ∇u

)
dx = (

d

2
− 1)

ˆ
Rd

|∇u|2 dx, ∀u ∈ S(Rd),

or equivalently, Re

ˆ
Rd

∆ū
(d

2
u+ x · ∇u

)
dx = −

ˆ
Rd

|∇u|2 dx,
(5)

where |∇u|2 =
∑d

j=1((∂xj Reu)2 + (∂xj Imu)2).

Exercise 2

Let p ∈ (1, 2∗ − 1) be energy subcritical exponent. Let u0 ∈ Σ and let u ∈ C([−T, T ];H1),
T <∞ be the solution of (NLS). Recall the operator P = x+ 2it∇. Show that

i) u ∈ C([−T, T ]; Σ) ∩ Lq([−T, T ];W 1,ρ), Pu ∈ Lq([−T, T ];Lρ) for any admissible exponent
pair (q, ρ).

1



ii) the mass and energy conservation laws as well as the virial and Morawetz identities hold
for u on the existence time interval [−T, T ]: For any t ∈ [−T, T ],

M(u(t)) = M(u0), E(u(t)) = E(u0),

1

4
V (u(t))− 1

4
V (u0) =

ˆ t

0
W (u(t′))dt′,

1

2
W (u(t))− 1

2
W (u0) =

ˆ t

0

ˆ
Rd

|∇u|2 dxdt+ κ(
d

2
− d

p+ 1
)

ˆ t

0

ˆ
Rd

|u|p+1 dxdt.

Exercise 3

Let d = 1, 2, 1 + 4
d ≤ p < ∞ and u0 ∈ H1(Rd). Let u(t, x) be the solution of the Cauchy

problem (NLS) satisfying limt↑T ∗ ‖∇u(t)‖L2(Rd) = +∞, then

‖∇u(t)‖L2(Rd) ≥ C0(T
∗ − t)−

1
p−1 , ∀t ∈ [0, T ∗).

Hint: Recall the H1 local well-posedness results for d = 1, 2. For any time t0 < T ∗ with
‖u(t0)‖H1(Rd) < ∞, the solution u with ‖u‖L∞([t0,t0+T ];H1(Rd)) ≤ R := C‖u(t0)‖H1(Rd) exists at
least on the time interval [t0, t0 + T ], T > 0 with

T = C−1‖u(t0)‖
q(1−p)
q−p

H1(Rd)
,

where q > p.

Exercise 4

Let 1 + 4
d ≤ p < 2∗ − 1 and κ = 1. Let u0 ∈ Σ and u ∈ C(R; Σ) be the global-in-time solution

of (NLS) given in Theorem 2.12 from the lecture notes. Apply the operator P = x + 2it∇ to
the Duhamel formula

u(t, x) = S(t)u0 − i
ˆ t

0
S(t− s)|u|p−1u(s, ·) ds, (Duhamel)

and show

‖(x+ 2it∇)u‖Lq([0,∞);Lp+1(Rd)) < +∞

where (q, p+ 1) is an admissible exponent pair.

2


