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Exercise 1

Consider the 1 D cubic focusing Schrödinger equation{
i∂tu+ ∆xu = −|u|2u, (t, x) ∈ R× R,
u|t=0 = u0(x), x ∈ R.

(1)

Show that the function

u : R× R→ C, u(t, x) =
√

2eit sechx

is a solution to (1).

Exercise 2

a) Consider the linear Schrödinger equation{
i∂tu+ ∆xu = 0, (t, x) ∈ R× Rd,
u|t=0 = u0(x), x ∈ Rd,

(2)

from Section 1.1.1 in the lecture notes. Show that the solution to (2) is given by

u(t, x) = (4πit)−
d
2

ˆ
Rd

ei
|x−y|2

4t u0(y) dy.

b) Consider the linear heat equation{
∂tu−∆xu = 0, (t, x) ∈ R+ × Rd,
u|t=0 = u0(x), x ∈ Rd,

(3)

from Section 1.1.1 in the lecture notes. Show that the solution to (3) is given by

u(t, x) = (4πt)−
d
2

ˆ
Rd

e−
|x−y|2

4t u0(y) dy, t ≥ 0.

Exercise 3

Let sc = d
2 −

2
p−1 . Let u0 ∈ Hs(Rd), s ∈ R and u0,λ(x) = λ

−2
p−1u0(

x
λ), λ > 0. Show that

‖u0,λ‖Ḣs(Rd) = λ−s+sc‖u0‖Ḣs(Rd). (4)
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Exercise 4

Suppose that u(t, x) ∈ S(R× Rd) is a solution of the Nonlinear Schrödinger equation:{
i∂tu+ ∆xu = κ|u|p−1u, (t, x) ∈ R× Rd,
u|t=0 = u0(x), x ∈ Rd.

(5)

where κ = ±1.
Show that we have the following conservation laws:

• Mass conservation law

M(u)(t) =

ˆ
Rd

|u(t, x)|2 dx = M(u)(0),

• Momentum conservation law

Pj(u)(t) = Im

ˆ
Rd

u∂xjudx = Pj(u)(0), 1 ≤ j ≤ d,

• Energy conservation law

E(u)(t) =
1

2

ˆ
Rd

|∇u|2 dx+
κ

p+ 1

ˆ
Rd

|u|p+1 dx = E(u)(0).

Hint: We use integration by part.

• Mass conservation law: test (5) by u, then take the imaginary part.

• Momentum conservation law: test (5) by ∂xju, then take the real part.

• Energy conservation law: test (5) by ∆u− κ|u|p−1u, then take the imaginary part.

Exercise 5

Consider the Lagrangian LNLS : C× Cd+1 7→ R defined as follows:

LNLS(u, u0, u1, · · · , ud) =
i

2
(ūu0 − uu0)− |(u1, · · · , ud)|2 −

2κ

p+ 1
|u|p+1. (6)

Show that the nonlinear Schrödinger equation (5) can be viewed as the Euler-Lagrangian equa-
tion associated to the Lagrangian LNLS.

Exercise 6

Consider the scaled 1 D cubic defocusing Schrödinger equation{
i∂tu+ ∆xu = 2|u|2u, (t, x) ∈ R× R,
u|t=0 = u0(x), x ∈ R.

(7)

Consider the two systems

ψx =

(
−iz u
ū iz

)
ψ =: Uψ,
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ψt = i

(
−2z2 − |u|2 −2izu+ ux
−2izū− ūx 2z2 + |u|2

)
ψ =: V ψ,

where z is a parameter, (t, x) are space and time variables, u is some given function and
ψ : R×R→ C2 is the unknown vector-valued function. Show that if the following compatibility
condition

Ut = Vx + [V,U ] with [V,U ] := V U − UV

holds then u solves (7).
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